The general coupled Hirota equations are investigated, which describe the wave propagations of two ultrashort optical fields in a fibre. Firstly, we study the modulational instability for the focusing, defocusing and mixed cases. Secondly, we present a unified formula of high-order rational rogue waves (RWs) for the focusing, defocusing and mixed cases, and find that the distribution patterns for novel vector rational RWs of focusing case are more abundant than ones in the scalar model. Thirdly, the Nth-order vector semirational RWs can demonstrate the coexistence of Nth-order vector rational RWs and N breathers. Fourthly, we derive the multi-dark-dark solitons for the defocsuing and mixed cases. Finally, we derive a formula for the coexistence of dark solitons and RWs. These results further enrich and deepen the understanding of localized wave excitations and applications in vector nonlinear wave systems.
Introduction
Multi-component nonlinear wave equations have been paid much attention to since they can describe some important classes of physical phenomena and have more abundant dynamical patterns of localized wave solutions in contrast to the scalar (single-component) equations (see, e.g. [1] and references therein). Firstly, distinct kinds of localized wave solutions can coexist with each other. For example, the coexistence of rogue waves (RWs) and breathers or solitons can emerge, which are the so-called semirational RWs [2] [3] [4] [5] [6] [7] [8] . Secondly, in contrast to the usual eye-shaped RWs in the scalar equations [9, 10] , many novel excitation dynamical patterns for the vector RWs will appear. For instance, the anti-eye-shaped RWs were reported numerically [11] and analytically [12] [13] [14] [15] [16] [17] for two-component coupled systems. Four-petalled RWs were presented in the two-component coupled systems [13, 15, 18] and in three-component coupled systems [19] [20] [21] . Thirdly, the amount of fundamental RWs of Nth-order RWs for the multi-component systems differs from one for the scalar equations in the temporal-spatial plane. For example, the secondorder RW has four or six fundamental RWs for the coupled nonlinear Schrödinger (NLS) equations or coupled Hirota equations (CHEs) [22] , while it has three fundamental RWs for the scalar equations (e.g. NLS equation) [23] [24] [25] . Moreover, the readers can refer to these important review papers about RWs and extreme events in various of physical systems [26] [27] [28] .
It should be pointed out that when the particular cubic characteristic polynomial appearing in the eigenfunctions of the Lax pairs has a multiple root, there exist the RW solutions [2, 29, 30] . The above-mentioned patterns of four or six fundamental RWs for the second-order RWs were derived at a triple root. Then, a natural question is whether there exist new patterns for higherorder vector RWs at a double root. Recently, the high-order vector RWs for the focusing coupled NLS equations were derived at a double root [31, 32] . These results gave some new distribution patterns. For instance, the second-order rational RWs contain three four-petalled RWs in contrast to the three eye-shaped RWs in the scalar equations. One four-petalled RW can coexist with three eye-shaped ones. However, it should be noted that both of the above-mentioned methods were only used to the focusing coupled nonlinear wave systems, and also did not make use of the third eigenvalue. Does there exist an approach to obtain higher-order vector rational RWs at a double root for the general coupled systems? Will new patterns emerge by adding the third eigenvalue? To the best of our knowledge, these issues were not studied before.
In this paper, we solve these open issues by considering the general CHEs [33, 34] which describe the wave propagations of two ultrashort optical fields in a fibre, where p = p(x, t) and q = q(x, t) denote the complex field functions, s 1 (= ±1) and s 2 (= ±1) refer to self-phase modulation and cross-phase modulation, respectively, the case s 1 = s 2 = 1 represents the focusing interactions, the case s 1 = s 2 = −1 stands for the defocusing interactions, the cases s 1 = −s 2 = ±1 denotes the mixed interactions, is a small real parameter denoting the strength of higher-order linear and nonlinear effects. The first-order RWs of system (1.1) with the focusing and defocusing cases have been studied [13, 16, 35] . We here present a more extensive method to derive higherorder vector rational RWs, which can be applicable to the general (focusing, defocusing and mixed) CHEs (1.1). We can not only obtain new dynamical RW patterns in contrast to the triple case [22] for the focusing CHEs but also derive higher-order vector rational RW solutions for both mixed and defocusing CHEs, which were not reported before. Furthermore, we can find higherorder vector semirational RW solutions by adding the third eigenvalue except for a double root. We find that these obtained novel higher-order vector semirational RWs can demonstrate the coexistence of higher-order vector rational RWs and higher-order breathers of system (1.1). The rest of this paper is organized as follows: In §2, we investigate the modulational instability of equation (1.1) . In §3, we give the general N-fold Darboux transformation (DT) and fundamental solutions of Lax pair with the seed solutions. In §4, we derive the analytical breather solutions and fundamental RW solutions with an explicit judgement on the RW transition. In §5, we present a method to derive high-order vector rational RW soluitons for the general CHEs at a double root. As an application, we exhibit the dynamical patterns of vector rational RWs up to third order for the focusing and defocusing cases. Moreover, we also show the superposition of vector rational RWs at two spectral parameters and show the coexistence of four-petalled RWs and eye-shaped RWs. In §6, we derive a formula of higher-order vector semirational RWs by adding the third eigenvalue. We also exhibit the dynamical structures of higher-order vector semirational RWs and their superposition. In §7, we obtain N-dark-dark solitons for the mixed case or defocusing case by generalizing DT [36] and investigate their collisions. In §8, we find that dark-dark soliton can coexist with breathers and fundamental RWs. Finally, we give the conclusion and discussion.
Modulational instability of continuous waves
Similar to [37, 38] , we study the modulational instability of continuous waves (CWs) of system (1.1). The CW solutions of system can be given by
where a j 's are non-zero real amplitudes and b j 's denote the wavenumbers,
Note that for the single NLS equation, the zero or non-zero frequency b 1 or b 2 did not affect the MI for the focusing or defocusing case, but for the coupled case (e.g. equation (1.1), we will have the different results. Thus we here do not always set
To analyse the MI, we take the perturbed forms of the simple CW solutions (2.1) as p( 
where A = (a ij ) 4×4 with a ij being the polynomials about parameters a j , b j , s j , , k, g ( j = 1, 2), which are omitted here. In general, it is difficult to solve g from equation (2.4) . In the following, we consider some special parameters to study the MI for three types of equations (1.1): focusing, mixed and defocusing cases: Case 2. For b 1 b 2 = 0 and a 1 a 2 = 0, it is very difficult to completely solve g from equation (2.4). We only use some special parameters to solve equation (2.4). We set b 1 = 1, b 2 = −1 and only consider the defocusing case s 1 = s 2 = −1 (the focusing and mixed cases have been shown to support the MI in Case 1). For convenience, we take other parameters = 1, a 1 = 1, a 2 = 0.5, as a result, we find that Re(g) = 0 for k = ±1, ±0.9, ±0.8, ±0.7, ±0.6, ±0.5. That is, the MI can appear in the defocusing case as b 1 b 2 = 0 and a 1 a 2 = 0. Note that for the special case = 0, our result about the MI for the defocusing equation (1.1) is the same as the known one for the defocusing coupled NLS equations in [2] .
Symmetric conditions of Lax pair and Darboux transformation
The system (1.1) is integrable and admits the following 3 × 3 Lax pair [34] 
where Φ = Φ(x, t) is a spectral function, λ is a complex iso-spectral parameter, = Φ † (x, t, λ)J satisfies the conjugate linear system. Through the loop group method [39] , the Darboux matrix
can change system (3.1) with (U, V) into a same system with (U, V) → (U [1] , V [1] ), which can also keep the same reduction condition. Φ 1 (x, t) ≡ Φ(x, t, λ 1 ) is a special solution to system (3.1) with λ = λ 1 and
is a non-zero function. Through the loop group method [39] , we can establish a general N-fold DT for CHE (1.1) as follows. 
is the jth row of Y.
To derive new potential functions through the above-mentioned DT, we choose the above-found seed solutions (2.1). The substitution of equation (2.1) into the Lax pair (3.1) yields the fundamental solution as Φ(x, t, λ) = GHKL e −ie 0 t , where
, χ , μ, and ν are three distinct roots of the following cubic polynomial equation for x
and
We choose v(x, t, λ) = e ie 0 t such that we can obtain y(x, t, λ) in theorem 3.1 in the form
Breathers and fundamental rogue waves
To conveniently give the general non-singular breathers of CHE (1.1), we restrict Im(λ 1 ) > 0 (the case for Im(λ 1 ) < 0 can also be discussed similarly). One should choose a special y 1 such that y † 1 Jy 1 has no zero point in (
. Consequently, to find the special y 1 , it is meaningful to analyse the matrix H † 1 JH 1 . Although H † 1 JH 1 may not be positive or negative definite, but we may seek for some positive or negative definite submatrices.
According to Lemma [17, 40] , we have the following proposition:
Based on Proposition 4.1, let
. Then we can avoid the singularity of y 1 †Jy 1 , i.e. y 1 †Jy 1 = 0 for any point (x, t). Therefore, we find the general breather for CHE (1.1). 
Finally, the fundamental vector rational RW solutions for CHE (1.1) are
Based on the amount of extreme points and the intensities at the centre, we can present the explicit conditions of different RW transitions for p [1] and q [1] :
) is called the eye-shaped RW (or bright RW).
Remark 4.2.
Although similar patterns of RWs for the coupled nonlinear Schrödinger equations [15, 17, 18] and CHEs [13, 16, 35] had been demonstrated, but the explicit conditions of RW transitions for CHE were not given before. We here present the explicit conditions of RW transition for the general CHE with both the focusing and defocusing cases. The above criteria can also be available for the superposition of RWs.
Higher-order vector rogue waves and their superpositions
In what follows, we will derive the formulae of higher-order vector RW solutions via the generalized DT [41] and formal series method for the general CHEs. As we all know that there exist the vector rational RW solutions if the cubic equation (3.2) possess a multiple root. The case of the triple root has been reported [22] . We will consider the case of a double root. In contrast to the case of the triple root, we find many novel patterns of RW excitations. Firstly, we give a general theorem to obtain high-order vector RW solutions for CHE (1.1).
We assume that equation (3.2) has a double root χ 0 at λ = λ 0 . Substituting λ = λ 0 (1 + τ 2 ) into equation (3.2) yields three roots, χ , μ and ν, which satisfy χ
Then we have the following theorem.
Theorem 5.1. The explicit formulae of Nth-order vector RWs for CHE
Based on this theorem 5.1, we can obtain high-order vector RWs for the focusing, mixed and defocusing CHEs. In what follows, we only consider the focusing and defocusing cases. In fact, the mixed case can also be studied similarly and omitted here due to the limited space. Case 2. Second-order vector RWs. The second-order rational RW solutions contain three fundamental RWs which can be three four-petalled ones, three eye-shaped ones and three anti-eye-shaped ones, in contrast to three eye-shaped ones in the scalar models [24, 25] .
Case 2a. When b 1 < 0.5, a 1,2 = 1, it is possible to obtain three eye-shaped RWs or three four-petalled RWs in both components. For example, we take = 0.1,
Then, the second-order four-petalled RWs in both components are derived in figure 1a 1 , b 1 , c 1 , d 1 . When l 1,2 = 0, the three four-petalled RWs merge together in figure 1a 1 , b 1 . By increasing l 1,2 , the three four-petalled RWs separate gradually and constitute a triangle structure in figure 1c 1 , d 1 . For instance, if we take = 0.1, 
, then the second-order eye-shaped RW in p component and anti-eye-shaped RW in q component can be exhibited in figure 1a 3 , b 3 , c 3 , d 3 . When l 1,2 = 0, the three eye-shaped RWs in p component and three anti-eye-shaped RWs in q component merge together in figure 1a 3 , b 3 . By increasing l 1,2 , the three eye-shaped RWs in p component and three anti-eye-shaped RWs separate gradually and constitute a triangle structure in figure 1c 3 , d 3 .
Case 2d. For the general case a 1 = a 2 , b 1 = 0, the dynamics of RWs can be investigated by the second-order solutions. The patterns of them are superposed by three eye-shaped ones, or three four-petalled ones, or three anti-eye-shaped ones.
To illustrate the role of the real parameter in the higher-order linear and nonlinear terms of system (1.1), we here consider the above-mentioned second-order RWs in Cases 2a-2c (see figure 1 for = 0.1). If we only increase the value of parameter (e.g. = 0.5), and do not change other parameters in these second-order RWs, then we have the modified second-order RWs displayed in figure 2 . For example, we compare figure 1a 2 , b 2 for = 0.1 with figure 2a 2 , b 2 for the larger parameter = 0.5. As a result, the triangle structures are changed as grows and regions of these triangle structures are enlarged.
Case 3. Third-order vector RWs. Let N = 3, then we find the third-order vector RWs, which are constituted by six identical types of fundamental RWs. In contrast to six eye-shaped RWs in scalar system [24, 25] , the six fundamental RWs in focusing CHEs can be six four-petaled ones, six eye-shaped ones and six anti-eye-shaped ones. Case 3a. For b 1 < 0.5, a 1,2 = 1, we obtain third-order rational RWs, which are constituted by six four-petalled RWs or six eye-shaped RWs. For instance, we choose the parameters in Case 2a of §5a, we give four kinds of patterns which contain six four-petalled RWs. They are the merged one, triangle structure in figure 3a 1 , a 2 , pentagon structure in figure 3b 1 , b 2 , and 'clawlike' structure.
Case 3b. For parameters in Case 2b of §5a, we can also obtain the above four structures, but they are constituted by six eye-shaped RWs. We show the figures of triangle structure in figure 3c 1 , c 2 and pentagon structure in figure 3d 1 , d 2 , respectively. Case 3c. When b 1 > 0.5, a 1,2 = 1, the third-order RW in p component is eye-shaped, but one in q component can be four-petalled or anti-eye-shaped. When we choose parameters in Case 2c of §5a, we obtain the third-order RW which is eye-shaped in p component, and anti-eye-shaped in q component. When a 1 = a 2 , b 1 = 0, one can also investigate dynamics of third-order RW, but the patterns are still constituted by six eye-shaped RWs, six anti-eye-shaped RWs or six four-petalled RWs.
Finally, we numerically simulate the dynamical behaviours of some obtained RWs. For example, (i) we consider the first-order vector RWs in Case 1, and use the exact first-order RWs with t = 0 as the initial conditions such that we find that after a short time (about t = 0.005) the maximal amplitudes begin to increase, i.e. the wave propagations are unstable ( figure 4a,b) ; (ii) we consider the second-order vector RWs in the first case of Case 2a (see figure 1a 1 , b 1 , and use the exact second-order RWs with t = 0 as the initial conditions such that we find that after a short By substituting these parameters into equation (3.2), we can obtain
7 < 3 j = 1, 2. Therefore, when N = 1, both components are fourpetalled. When N = 2, the vector RW have four parameters l 1,1 , l 1,2 , l 2,1 , l 2,2 which can be used to derive different patterns. We find that the patterns of second-order vector rational RW contain three four-petalled RW which can merge together in figure 5a 1 , a 2 and constitute a triangle structure in figure 5b 1 , b 2 . When N = 3, we can obtain different patterns of third-order vector rational RW by these six parameters l i,j (i = 1, 2; j = 1, 2, 3). The third-order vector rational RW contains six four-petalled RWs which can merge together, or constitute a triangle structure in figure 5c 1 , b 2 , or constitute a pentagon structure in figure 5d 1 , d 2 . (c) Superposition formulae of vector rogue waves
Case 2. Anti-eye-shaped vector RWs. Let
For the above two categories, the vector rational RWs are obtained with the same spectral parameter. Are there new patterns with different spectral parameters? The superposition of RWs here is referred to nonlinear superposition for two RWs with different spectral parameters. This will make it possible to derive the coexistence of different types of RWs. We assume that λ 1,0 = λ 2,0 , λ 1,0 = λ * 2,0 , Im(λ 1,0 ) Im(λ 2,0 ) = 0, and equation (3.2) has a double root at λ = λ 1,0 and λ = λ 2,0 , respectively. Then we set λ j = λ j,0 (1 + τ 2 j ), j = 1, 2 and expandĤΛKWRL (j) with λ = λ j into the following formsĤΛKWRL ( 
. Therefore, we give the following theorem for the coexistence of N 1 th-order RW with parameter λ 1,0 and N 2 th-order RW with parameter λ 2,0 .
Theorem 5.2.
The superpositions of vector RWs for the focusing CHE (1.1) are given by
From the superpositions of these different types of RW solutions, we can obtain many novel dynamical behaviours. As an example, we show the coexistence of N 1 th-order four-petalled RW and N 2 th-order eye-shaped RW by these parameters in Cases 2a and 2b of §5a. When N 1 = N 2 = 1, 
2,1 = 14, l
2,1 = 1. (b 1 , b 2 ) One four-petalled RW and three eye-shaped RWs with
2,2 = 0. (c 1 , c 2 ) Three four-petalled RWs and one eye-shaped RW with
Three four-petalled RWs and three eye-shaped RWs with
the patterns of coexistence of one four-petalled RW and one eye-shaped RW in both components will be obtained in figure 7a 1 , a 2 . When N 1 = 1, N 2 = 2, we will obtain the coexistence of one four-petalled RW and three eye-shaped RWs in both components. These three eye-shaped RWs can be merged together or constitute a triangle structure in figure 7b 1 , b 2 . When N 1 = 2, N 2 = 1, the coexistence of three four-petalled RWs and one eye-shaped RW in both components can be derived. Similarly, these three four-petalled RWs can also be merged together or constitute a triangle structure in figure 7c 1 , c 2 . When N 1 = 2, N 2 = 2, the coexistence of three four-petalled RWs and three eye-shaped RWs in both components can be derived and these three RWs can also be merged together or constitute a triangle structure in figure 7d 1 , d 2 . Generally speaking, by varying the parameters, we can obtain many different coexistence of other types of vector rational RWs. Here we omit them.
Higher-order vector semirational rogue waves for the focusing coupled Hirota equation
From the above section, we know that higher-order vector rational RW solutions can be derived when the cubic equation (3.2) has a double root. Notably, we just use the double root to obtain RWs and do not make use of the third root. In this section, we will derive vector semirational RWs which are the combination of exponential and polynomial function of x and t, for the focusing CHE with the aid of the third root ν. We assume that equation (3.2) has a double root at λ = λ 0 , denoted by χ 0 . By substituting λ = λ 0 (1 + τ 2 ) into equation (3.2), we can obtain three roots, χ , μ and ν which satisfy that χ → χ 0 , μ → χ 0 when τ → 0. We setR s 1 a 1 , s 2 a 2 ) . Expand J −1
1 HΛKŴRL into the following form:
Then we obtain the formulae of Nth-order vector semirational RWs in terms of determinants. 
, the patterns of the derived Nth-order semirational RWs in both components are identical and denote the coexistence of Nth-order four-petalled vector rational RWs and N eye-shaped breathers. As an application, we display the wave structures of the first-order vector semirational RWs in figure 8a 1 , a 2 and the second-order vector semirational RWs in figure 8c 1 , c 2 , e 1 , e 2 . We find that when decrease the value of l 3,1 , the rational RWs and breather will separate and increase the value of l 3,1 , they will merge together.
Case 2. For ν = (27(i
and other parameters in Case 2b of §5a, we obtain the coexistence of Nth-order eye-shaped vector rational RWs and N four-petalled breathers, which are omitted here.
Case 3. For parameters in Case 2c of §5a, and ν = (−6(i
, the coexistence of distinct RWs and breathers are exhibited in figure 9 .
As the superpositions of vector rational RWs showed before, we can also derive the formulae of superposition of vector semirational RWs. We choose two groups of parameters in Cases 1 and 2 in §7. We set λ j = λ j,0 (1 + τ 2 j ) ( j = 1, 2) and expand J −1
1 HΛKŴRL (j) with λ = λ j into the following:
), where 
. By substituting them into theorem 5.2, then we can obtain the formulae of superposition of vector semirational RWs. We find that the distribution patterns are much abundant.
When N 1 = 1, N 2 = 1, both the p component and the q component represent the superposition of first-order semirational RW and first-order semirational RW. We find that there are three different distribution patterns. When l (1) 3,1 = 0, l (2) 3,1 = 0, both components denote the coexistence of first-order four-petalled RW, single eye-shaped breather and first-order eye-shaped RW. When l
3,1 = 0, both components denote the coexistence of first-order four-petalled RW, single eye-shaped RW and first-order four-petalled RW in figure 10a 1 , a 2 . When l
3,1 = 0, both components denote the coexistence of first-order four-petalled RW, single eye-shaped breather, first-order eye-shaped RW and single four-petalled breather in figure 10b 1 , b 2 .
When N 1 = 1, N 2 = 2, both the p component and the q component represent the superposition of first-order semirational RW and second-order semirational RW. We find that there are six different distribution patterns. When l 
First-order four-petalled RW, single eye-shaped breather, first-order eye-shaped RW and single four-petalled breather with
2,1 = l
3,1 = 1. (c 1 , c 2 ) First-order four-petalled RW, single eye-shaped breather and second-order eye-shaped RW with
1,1 = l
Firstorder four-petalled RW, second-order eye-shaped RW and two-four-petalled breather with 
3,1 = 0, the N 1 -eye-shaped breather disappear and the N 1 th-order semirational RWs degenerates N 1 th-order rational RWs. Likewise, When l (2) 3,1 = 0, the N 2 th-order semirational RWs are constituted by N 2 thorder eye-shaped RW and N 2 -four-petalled breather. When l (2) 3,1 = 0, the N 2 -four-petalled breather disappear and the N 2 th-order semirational RWs degenerates N 2 th-order rational RWs.
Multi-dark-dark solitons for the mixed and defocusing coupled Hirota equations
To deduce non-singular multi-dark-dark soltions for CHE (1.1), we would restrict λ 1 , λ 2 , . . . , λ N be N different real parameters such that χ j and χ * j are a pair of conjugate complex roots of the cubic equation (3.2) 1, 2, . . . , N) . We can obtain the explicit N-dark-dark solitons in terms of simple determinants as follows: figure 11b,d , it is seen that after the collisions, the shapes and velocities of two dark solitons have no change. In other words, the collisions of two dark solitons are elastic.
The coexistence of dark solitons and breathers or rogue waves
In this section, we consider the coexistence of dark solitons and other types of localized waves. Firstly, we derive the formulae between breather solutions and dark solitons. Then, through a limit process, we derive the formulae of interaction between RWs and dark solitons. Let
where
, λ 1 ∈ C + , χ 1 and μ 1 are roots of equation (3.2) at λ = λ 1 satisfying χ 1 , μ 1 ∈ C + , λ 2 being a real number such that χ 2 and χ * 2 are a pair of conjugate complex roots of equation (3. 2) at λ = λ 2 , α 2 being a complex number such that By theorem 3.1, we can obtain the general formulae of the coexistence of dark soliton and breather, which are omitted here. By further taking the limit μ 1 → χ 1 , we can obtain the explicit formulae of the coexistence of dark soliton and RW: , j = 1, 2,
where G 1 = x + g 1 t. For some given parameters, the wave profiles are exhibited in figure 12.
Conclusion and discussion
In conclusion, we have investigated the general CHEs via the DT method. We present a method to derive the higher-order vector rational RW solutions and semirational RW solutions. The formulae of higher-order vector rational RWs can be used to study the focusing, mixed and defocusing cases such that we obtain many distinct wave patterns in contrast to the scalar ones and to the case of a triple root. Moreover, we find the higher-order vector semirational RWs by using the third eigenvalue, which demonstrates the coexistence of higher-order vector rational RWs and multiple breathers. We also present the superpositions of higher-order vector rational RWs with two distinct spectral parameters. By the generalizing DT, we give the formula of multidark-dark solitons and exhibit the collisions of two dark-dark solitons. The dark solitons can coexist with the breathers and RWs, and the explicit formulae are presented. We also numerically analyse the wave propagations of some RW solutions. This method can also be used to study other general coupled nonlinear wave systems.
Data accessibility. This paper has no additional data. Authors' contributions. G.Z. and Z.Y. discussed and presented the overall theoretical analysis, and contributed to writing the manuscript. L.W. performed the numerical calculations.
